Introduction
The purpose of this work is to be presented grounds for a consistent formulation of quantum field theory in terms of fibre bundles. The ideas for that goal are shared from [1] [2] [3] [4] [5] [6] , where the quantum mechanics is formulated on the geometrical language of fibre bundle theory.
In section 2 contains some basic definitions. Special attention is paid on the Hilbert bundles, which will replace the Hilbert spaces of the ordinary quantum field theory, and the metric structure in them. In section 3 is considered an isomorphism between the fibres of a Hilbert bundle, called the bundle transport. It will play a central role in this investigation. Sect. 4 contains a motivation why the (Hilbert) fibre bundles are a natural scene for a mathematical formulation of quantum field theory. Sect. 5 concludes the paper.
Fibre Bundles. Hilbert bundles
To begin with, we present some facts from the theory of fibre bundles [7, 8] , in particular the Hilbert ones which will replace the Hilbert spaces in ordinary quantum field theory.
A bundle is a triple (E, π, B) of sets E and B, called (total) bundle space and base (space) respectively, and (generally) surjective mapping π : E → B, called projection. If b ∈ B, π −1 (b) is the fibre over b and, if Q ⊆ B, (E, π, B)| Q := (π −1 (Q), π| π −1 (Q) , Q) is the restriction on Q of a bundle (E, π, B). A section of (E, π, B) is a mapping σ : B → E such that π • σ = id B , where id Z is the identity mapping of a set Z, and their set is denoted by Sec(E, π, B). The set of morphisms of (E, π, B) is Mor(E, π, B) := {(ϕ, f )|ϕ : E → E, f : B → B, π
The set of all B-morphisms (strong morphisms) of (E, π, B) is Mor B (E, π, B) := {ϕ|ϕ : E → E, π • ϕ = π}. Consider the set of point-restricted morphisms
, we see that mor(E, π, B) := (E 0 , π 0 , B) is a fibre bundle. This is the bundle of point-restricted morphisms of (E, π, B). 1 The bundle mor B (E, π, B) of point-restricted morphisms over B of (E, π, B) has a base B, bundle space
The bundle mor B (E, π, B) will be refereed as the bundle of restricted morphisms of (E, π, B). There is a bijection
A mapping Sec(E, π, B) → Sec(E, π, B) will be called morphism of the set Sec(E, π, B) of sections of bundle (E, π, B). The set of all such mappings will be denoted by MorSec(E, π, B).
There is a natural mapping from Mor B (E, π, B) into MorSec(E, π, B) given for A ∈ Mor B (E, π, B) and X ∈ Sec(E, π, B) byÂ ∈ MorSec(E, π, B) byÂ(X ) := A • X . We say thatÂ as a morphism of sections (of (E, π, B)) induced or generated by A.
When vector bundles are considered, in the definition of a morphism or B-morphism is included the condition that the corresponding fibre mappings must be linear. Definition 2.1. A Hilbert (fibre) bundle is a vector bundle whose fibres over the base are isomorphic Hilbert spaces or, equivalently, whose (standard) fibre is a Hilbert space.
Some quite general aspects of the Hilbert bundles can be found in [9, chapter VII] . Let (F , π, M , F) be a Hilbert bundle with bundle space F , base M , projection π, and (typical) fibre F. The fibre over x ∈ M will be often denoted by F x , F x := π −1 (x). Let l x : F x → F, x ∈ M , be the isomorphisms defined by the restricted decomposition functions, viz., as φ W | x : {x}×F → F x with W being a neighborhood of x, we define l x via φ W | x (x, ψ) =: l −1 x (ψ) ∈ π −1 (x) for every ψ ∈ F and call l x point-trivializing mappings (isomorphisms).
Let ≺ · | · ≻ : F ×F → R be the scalar product in the Hilbert space F and for every x ∈ M the mapping · | · x : F x ×F x → R be the scalar product in the fibre F x considered as a Hilbert space. The vector structure of (F , π, M , F) is called compatible with its metric structure if the isomorphisms l x : F x → F preserve the scalar products, viz. iff ϕ x |ψ x x =≺l x (ϕ x )|l x (ψ x )≻ for every ϕ x , ψ x ∈ F x . A Hilbert bundle with compatible vector and metric structure will be called compatible Hilbert bundle. In such a bundle the isomorphisms l x , x ∈ M transform the metric structure ≺ · | · ≻ from F to F and v.v. according to
The mappings l x→y := l −1 y • l x : π −1 (x) → π −1 (y) are (i) fibre mappings for fixed y, (ii) linear isomorphisms, and (iii) isometric, i.e. metric preserving in a sense that
Consequently, all of the fibres over the base and the standard fibre of a compatible Hilbert bundle are (linearly) isometric and isomorphic Hilbert spaces.
Beginning from now on in the present investigation, only compatible Hilbert bundles will be employed. For brevity, we shall call them simply Hilbert bundles.
Defining the Hermitian conjugate mapping A ‡
we find (see (2.1), the dagger denotes Hermitian conjugation in F)
We call a mapping A x : F x → F unitary if it has an inverse A −1 and
Evidently, the isometric isomorphisms l x : F x → F are unitary in this sense:
The Hermitian conjugate mapping to a mapping A x→y in a set {C x→y : F x → F y , x, y ∈ M } of mappings between the fibres of the bundle is a mapping A ‡ x→y :
Its explicit form is (2.7) shows the equivalence of (2.13) with
i.e. the unitary mappings are fibre-metric compatible in a sense that they preserve the fibre scalar (inner) product. Such mappings will be called fibre-isometric or simply isometric.
It is almost evident that the mappings
are unitary, that is we have:
Let A be a morphism over M of (F , π, M , F), i.e. A : F → F and π • A = π, and
and it is called unitary if A ‡
Using (2.16), we can establish the equivalence of (2.18) and
Consequently the unitary morphisms are fibre-metric compatible, i.e. they are isometric in a sense that they preserve the fibre Hermitian scalar (inner) product.
To deal with the differentiable properties of the employed Hilbert bundle (F , π, M , F), we will require the bundle space F and the base space M be of class C 1 . Moreover, at the present level of development of quantum field theory, we can identify the base M with the 4-dimensional Minkowski space-time. We shall require also the point-trivializing isomorphisms l x to have a C 1 dependence on x ∈ M , i.e. the mapping l : F → F given by l : u → l π(u) u for u ∈ F , to be of class C 1 as a mapping between manifolds. A Hilbert bundle with the last property will be called C 1 bundle (or bundle of class C 1 ).
The bundle transport
Suppose (E, π, B, E) is a K-vector bundle, K = R, C, such that E, B, and E are C 1 manifolds and its point-trivializing isomorphisms l x , x ∈ B, are of class C 1 , i.e. it is of class C 1 .
Definition 3.1. The bundle transport in a bundle (E, π, B, E) is a mapping l : (x, y) → l x→y , x, y ∈ B, where the mapping
called (bundle) transport from x to y, is defined by
with l x : π −1 (x) → E, x ∈ B, being the point-trivializing isomorphisms of (E, π, B, E).
Here are some frequently used properties of the bundle transport which are consequences of (3.2) and the linearity of the isomorphisms l x , x ∈ B:
3)
The bundle transport is Hermitian and unitary in a sense that such are l x→y , x, y ∈ B.
A section X ∈ Sec(E, π, B, E) is called l-transported (or (l-)constant) if for some (and hence any) x ∈ B and every y ∈ B is fulfilled
where X (x) := X x with X : x → X x . Such a section is uniquely defined by specifying its value at a single point. If X 0 is a fixed vector in the fibre E, the section X given via
is l-transported. Such sections will represent the states of quantum fields in our approach. Let (U, κ), κ : U → R dim B , be a local chart in a neighborhood U of x ∈ B and x(ε, µ) ∈ U , where ε is a real number in a neighborhood of the zero and µ = 1, . . . , dim B, has coordinates κ ν (x(ε, µ)) = κ ν (x) + εδ ν µ with δ ν µ = 1 for ν = µ and δ ν µ = 0 for ν = µ. According to the general formalism (see [10] ) in any κ the bundle transport generates derivations
The bundle transport also generates the mappings (derivations)
for any C 1 morphismÂ of Sec 1 (E, π, B) generated by a morphisms A ∈ Mor 1 B (E, π, B) . The mappings D µ andD µ are derivations in a sense that they are linear and
where f is a C 1 function on B andĈ andÂ are C 1 morphisms of Sec 1 (E, π, B) .
is the morphisms of Sec(E, π, B) generated by A, then
Proof. First of all, note that since l x (Y (x)) is a vector in the standard fibre E and l
x is an operator in it, the partial derivatives of them are well defined. The equality (3.15) is a simple consequence of (3.10) and (3.2). To verify (3.16) one should apply (3.12) to a C 1 section Y , evaluate the result at x, and next to use (3.15).
If {x µ } → {x ′ µ } is a change of the local coordinates, then D µ andD µ behave like basic (tangent) vector fields over B:
This result, which follows from proposition 3.1, shows that one can define invariant 'covariant derivatives' (E, π, B) , is defined by
where χ x : π −1 (x) → π −1 (x). One can check that the transports • l x→y are K-linear and satisfy the basic 'transport equations' (cf. (3.3) -(3.6)):
20)
We shall call
• l the transport associated to the bundle transport l (in mor B (E, π, B)). A morphism A ∈ Mor B (E, π, B) is said to be 
One can construct such kind of morphisms in the following way. Let us fix x ∈ B and χ 0 :
Similarly to the transport l considered above, the transport
with x(ε, µ) defined above and A ∈ Sec 1 (mor B (E, π, B) ). Applying (3.18), we find
If, for every morphismÂ ∈ MorSec(F , π, M , F), we define a mappingl xÂ from the set Sec 1 (F , π, M , F) to the set of mappings from M into π −1 (x) by
with y ∈ M and Y ∈ Sec(F , π, M , F), we have the relation
To prove it, one should insert (3.2) into (3.28), to apply to the obtained equality the operator ∂ ∂y µ , then to put y = x and to use (3.16). Now we shall present some expressions in (local) bases which may be a little more familiar to the physicists. Sums like a i b i should be understood as a sum over i and/or integral over i if the index i takes countable and/or uncountable values; for some more details -see [2] .
Let {e i (x)} be a basis in π −1 (x), {f i } a basis in F with ∂ µ f i = 0, and l x and l(y, x) be the matrices of respectively l x and l x→y in them, i.e. if l x (e i (x)) =: l x j i f j and l x→y (e i (x)) =: l 
beingare the matrices of the coefficients (resp. components) Γ i jµ of l (resp. D µ ). Under the changes e i → e ′ i = C 
In this way, we see that to an operator A(x) : F → F there corresponds a morphism
of the system's Hilbert bundle with A| π −1 (x) = A x given via (4.5).
In particular, the non-smeared components ϕ i of a quantum field ϕ change to
Similarly, the smeared field components ϕ i should be replaced with mappings
as a result of which the smeared field Φ becomes a mapping
where equations (4.1) and (4.7) were used and the transport
However, the above-introduced morphisms, like A, are not the exact objects we need. Here are two reasons for this. On one hand, since in the ordinary theory the operators like, A, act on state vectors, like X , we should expect the bundle analogueÂ of A to act on a state section X producing again some sectionÂ(X ) ∈ Sec(F , π, M , F). On another hand, since in the module Sec(F , π, M , F) there is a natural scalar product · | · with values in the C-valued functions (see Subsect. 3), the r.h.s. of (4.3) should be identified with the value at x ∈ M of the scalar product X |Â(Y ) . Combining these ideas, we conclude that which expresses the invariance of the scalar products when we replace state vectors with state sections. Since the scalar products define the observed (expectation, mean) values of physically observable quantities, the last equality expresses the independence of these values of the way we calculate them.
Conclusion
The present investigation can be regarded as a continuation of the fibre bundle formulation of quantum physics begun in [1] [2] [3] [4] [5] .
Here we have applied a slightly different approach to the (canonical) quantum field theory in Heisenberg picture. The basic idea is the standard Hilbert space of states to be replaced with a Hilbert bundle with it as a (typical) fibre, then all quantities of the ordinary quantum field theory are mapped into their bundle analogues by means of the bundle transport, which is an internal object of any particular (locally trivial) bundle, or other mappings build from it. However, the realization of such a procedure is not unique. The main reason being that the quantum field theory has not a unique generally accepted formulation.
